In this paper, we propose a family of optimal eighth order convergent iterative methods for multiple roots with known multiplicity with the introduction of two free parameters and three univariate weight functions. Also numerical experiments have applied to a number of academical test functions and chemical problems for different special schemes from this family that satisfies the conditions given in convergence result.
Introduction
Newton's method converges quadratically for every simple root of a nonlinear equation f (x) 0. However, if the root has multiplicity m, m > 1, it is necessary to include a damped parameter, that coincides with the multiplicity, in order to preserve the quadratic convergence.
In past, it was very difficult to construct a higher-order optimal multi-point scheme for multiple zeros of the given function with multiplicity m ≥ 1. Nowadays, with the digital computer, advanced computer arithmetic, software and symbolic computation, the construction of higher-order optimal multi-point methods has become easy. Many researchers presented optimal fourth-order iterative methods for multiple zeroes like Li et al. [11, 12] , Sharma and Sharma [16] , Zhou et al. [21, 22] , Sharifi et al. [15] , Soleymani et al. [17] , Soleymani and Babajee [18] , Liu and Zhou [13] , Thukral [19] , Behl et al. [1, 2] and Hueso et al. [9] . In recent years, atmost sixth-order convergence method has been given for finding multiple zeros that can be found in the available literature. There are only three multi-point iterative schemes with sixth-order convergence for multiple zeros. First one was proposed by Thukral [19] and other two were presented by Geum et al. [7, 8] . In 2013, Thukral [20] presented a multi-point iterative method with sixth-order convergence, which is given by:
In 2015, Geum et al. [7] , have given the following two-point sixth-order iterative scheme:
where p n m f (y n )
f (x n ) , s n m−1 f (y n )
f (x n ) and Q : C 2 → C is holomorphic function in the neighborhood of origin (0, 0). In 2016, Geum et al. [8] , have again proposed a three-point iterative scheme with sixth-order convergence for multiple zeros. The proposed scheme was based on weight functions, which can be seen in the following expression:
f (x n ) , t n m f (w n )
f (x n ) and G : C → C is analytic in a neighborhood of 0 and K : C 2 → C is holomorphic in the neighborhood of (0, 0). All of the above three schemes (1)-(3) require four function evaluations in order to produce sixthorder convergence. The iterative method (2) has one drawback that it does not work for simple zeros (i.e. for m 1).
Recently, Behl et al. [3] have developed a family optimal eighth order iterative methods given as:
f (y n ) and Q : C → C is analytic in a neighborhood of 0 and G : C 2 → C is holomorphic in the neighborhood of (0, 0).
Motivated by the research going on in this direction and with a need to give more optimal higher order methods, we propose an optimal eighth-order convergent iterative method for multiple root of a nonlinear equation. The main reason of this proposed method is to present a new higher-order optimal scheme for finding simple as well as multiple zeros of nonlinear equations.
The rest of the paper is organized as follows: In Sect. 2, we propose a new family of optimal eighth-order iterative methods to find multiple roots of nonlinear equation and discuss its convergence analysis. Some special cases are given in the Sect. 3. In Sect. 4, numerical performance and comparison of the proposed schemes with the existing ones are given. Academic test functions and nonlinear equations that appear in different chemical problems such as Van der Waals equation, fractional conversion in a chemical reactor and the isothermal continuous stirred tank reactor are used in this section. Concluding remarks are given in Sect. 5.
Construction of the scheme
This section is devoted to the construction and convergence analysis of this proposed scheme with the main theorem. So, we propose a new eighth-order scheme for a known multiplicity m ≥ 1 of the desired multiple zero as follows
where A 2 , A 3 ∈ R are free parameters and the weight functions H : C → C, P : C → C, G : C → C are analytic function in the neighborhood of 0 with
are the weight functions. It is worthy to note that we will obtain well known King's family of fourth-order iterative methods for m 1 with the help of first two substeps.
In the next result, we demonstrate that the order of convergence of the proposed scheme will reach at optimal eight without using additional functional evaluations.
Theorem 1 Let x
α be a multiple zero with a multiplicity m ≥ 1 of the involved function f . In addition, we assume that f : C → C is an analytic function in the region enclosing a multiple zero α. The proposed scheme defined by (5) has an optimal eighth-order convergence, when it satisfies the following conditions:
and the error equation is given as:
where e n x n − α and c k
Proof Let x α be a multiple zero of f (x). Expanding f (x n ) and f (x n ) about x α by the Taylor's series expansion, we obtain 
and 
respectively. By using expressions (7) and (8) in the first substep of (5), we obtain 
By using the expressions (7) and (10) 
where
Inserting expressions (9)- (12) in the second substep of scheme (5), we have
By selecting H 0 1 and H 1 2, we obtain
where Now, again by using the Taylor's series expansion for (13), we have
where ρ 0 c 4 1 (125 + H 3 + 84m + 7m 2 − 3H 2 (7 + 3m))c 4 1 − 6m(−3H 2 + 4(7 + m))c 2 1 c 2 + 12m 2 c 2 2 + 12c 3 c 1 m 2 ). With the help of expressions (7) and (14), we have
where, 
where Expanding weight functions P(v) and G (w) in the neighborhood of origin by Taylor's series expansion as follows:
By using expressions (7)- (17) in the proposed scheme (5), we have
For obtaining at least sixth-order convergence, we have to choose G 0
Further, in order to obtain eighth order of convergence we choose the following values of parameters:
which leads us to the following error equation:
The above asymptotic error constant (20) reveals that the proposed scheme (5) reaches to optimal eighth-order convergence by using only four functional evaluations (viz. f (x n ), f (x n ), f (y n ) and f (z n )) per iteration. This completes the proof.
Some special cases of weight function
In this section, we will discuss some special cases of our proposed scheme (5) by assigning different kind of weight functions. In this regard, please see following cases, where we have mentioned some different kind of choices for the proposed scheme:
Case 1 Let us describe the following polynomial weight function directly from the proposed Theorem 1:
Thus, the corresponding optimal eighth-order iterative scheme is given by
Case 2 Now, we suggest mixture of rational and polynomial weight function satisfying the conditions as follows
Case 3 Moreover, a mixture of polynomial and rational function is given as:
Case 4 Mixture of polynomial and exponential function as
Case 5 Mixture of polynomial, exponential and rational function is given as:
Case 6 Mixture of polynomials and rational function as
Numerical experiments
This section is devoted to demonstrate the efficiency, effectiveness and convergence behavior of the presented schemes. In this regard, we consider some of the special cases of the proposed scheme namely expression (22)-(28) denoted by M1, M2, M3 and M4 respectively, with A 2 P 0 1. In addition, we choose a total number of four test problems for comparison given in the Examples 1, 2, 3 and 4. Now, we want to compare our methods with other existing methods of same domain on the basis of error per iteration and computational order of convergence COC. We compare the proposed methods with the family of two-point sixth-order methods, which were presented by Geum et al. in [8] , out of them we consider (2) and (3) denoted by GM1 and GM2 respectively, for
, and K ( p n , t n ) m(1 + p n + 2 p 2 n + (1 + 2 p n )t n ) and finally we choose a special case of the optimal eighth order method given by Behl et al. [3] for
in (4) denoted by OM. In Table 1 , we choose first four test problems of weight functions for comparison: we display the number of iteration indexes n, the error at each iterations |x n − α|, the functional value at x n , | f (x n )|, the asymptotic error constant |e n /e 8 n−1 | and the computational order of convergence ρ n . We use the formula by Jay [10] given as:
in order to calculate ρ n . We have done our calculations with several number of significant digits (minimum 1000 significant digits) to minimize the round off error. We calculate the values of all the constants and functional residuals up to several number of significant digits but due to the limitations. We display the value of errors per iterations and absolute residual errors in the function up to 9 decimal digits with exponent power in Tables 1, 2 , 3, 4 and 5. In Table 1 , these four typical methods have been successfully applied to the test functions f 1 − f 4 below: 
explains the behavior of a real gas by taking in the ideal gas equations two more parameters, a 1 and a 2 , specific for each gas. In order to determine the volume V of the gas in terms of the remaining parameters, we are required to solve the nonlinear equation in V.
Given the constants a 1 and a 2 of a particular gas, one can find values for n, P and T , such that this equation has three real roots. By using the particular values, we obtain the following nonlinear function Table 3 Comparison of methods for f 2 (x) Table 4 Comparison of methods for f 3 (x) f 3 (x), x 0 0.76, m 1, α 0.757396246 having three roots out of which one is a multiple zero α 1.75 of multiplicity of order two and other one simple zero ξ 1.72. However, our desired zero is α 1.75. We considered initial guess x 0 1.8 for this problem.
In Table 2 we show the numerical results obtained by applying the different methods for approximating the multiple solution of f 1 (x) 0. The obtained values confirm the theoretical results. Regarding the dynamical behavior of function f 1 (x), it can be observed in Figs. 1 and 2 that, for some methods the only basin of attraction is that of the multiple root. The dynamical planes that appear in this section have been generated by using the routines published in [4] . We have used a mest of 400 × 400 points in the region of the complex plane [−100, 100] × [−100, 100]. We paint in orange the points whose orbit converges to the multiple root and in black whose points whose orbit converges to another thing (strange fixed points, cycles, etc.) or diverges. We work with a tolerance of 10 −3 and a maximum number of 80 iterations. The multiple root is represented in the different figures by a white star. Let us consider the following expression (please, see [14] for more details)
In this equation x represents the fractional conversion of species A in a chemical reactor. Since, there will be no physical meaning of above fractional conversion if x is less than zero or greater than one. So, x is bounded in the region 0 ≤ x ≤ 1. Our required simple root to this problem is α 0.75739624625375387945. Moreover, it is interesting to note that f(x) is undefined in the region 0.8 ≤ x ≤ 1 which is very close to our desired root. Furthermore, there are some other properties to this function which make the solution more difficult. The derivative of the above expression will be very close to zero in the region 0 ≤ x ≤ 0.5 and there is an infeasible solution for x 1.098. So, the initial approximation is taken as x 0 0.76. Table 3 shows the numerical results obtained for f 2 (x). We can observe the similarity among all the results of the eighth-order schemes and that COC approaches very good the theoretical order of convergence, except for the scheme GM1. Figures 3  and 4 show the basins of attraction of the different methods on f 2 (x). In this example, we can observe that the set of good initial approximations is small in all cases.
Example 3 Continuous stirred tank reactor (CSTR)
Consider the isothermal continuous stirred tank reactor (CSTR). Components A and R are fed to the reactor at rates of Q and q-Q respectively. The following reaction scheme develops in the reactor (see [5] ): 
The problem was analyzed by Douglas [6] in order to design simple feedback control systems. In the analysis, he gave the following equation for the transfer function of the reactor: So, we see that there is one multiple roots with multiplicity 2. We take m 2 and x 0 −3. Table 4 shows the numerical results for this example and in Figs. 5 and 6 the corresponding basis of attraction are painted.
Example 4
We assume another standard test problem involving trigonometric function as:
The above function has a multiple zero at α 0.73908513321516064165 of multiplicity 3 with initial guess 1.0. 
Conclusion
In this paper, we have proposed a family of iterative methods for solving nonlinear equations for multiple roots with known multiplicity. The family of methods include two free parameters and three weight functions involving function-to-function ratio. The methods involve only one derivative evaluation. The selection of the parameters and weight functions yields optimal eighth order convergent methods for multiple roots. In addition, the numerical results of some chemical problems show that the proposed methods namely M1-M4 have better performance as compared with other similar methods. The dynamical planes of the operators that describe the methods on these problems give us information about the set of initial approximations with guarantee of convergence
